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In this work, we investigate the static, spherically symmetric regular black hole
solutions in a generalized Rastall gravity. In particular, the prescription of Rastall
gravity implies that the present approach does not necessarily involve nonlinear
electrodynamics. Subsequently, the resulting regular black hole solution can be elec-
trically and magnetically neutral. The general properties of the regular black hole
solutions are explored. Moreover, specific solutions are derived and discussed, partic-
ularly regarding the parameter related to the degree of violation of energy-momentum
conservation in Rastall theory.
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2INTRODUCTION
The black hole is an interesting prediction of general relativity, a compact celestial body
with enormous mass and immense gravity. Since 2015, LIGO and Virgo collaborations have
detected various gravitational waves emanated from the coalescence of black holes [1–6],
which serves as one of the most crucial evidence for the existence of black holes. According
to Penrose-Hawking singularity theorems [7], singularity might be found accompanying black
hole solutions. In the vicinity of a singularity, as the spacetime curvature approaches and ex-
ceeds the Planckian values, the notion of classical spacetime ceases to be valid. Fortunately,
regarding the cosmic censorship hypothesis proposed by Penrose, it is understood that the
singularity is typically hidden behind the event horizon. The latter is a one-way membrane
which prevents the singularity from affecting any observer located outside of the horizon.
Nonetheless, the concept of singularity in black hole physics plays a vital role concerning
the information problem [8, 9], as well as the final fate of a black hole, associated with the
evaporation due to the Hawking radiation [10, 11]. Alternatively, a somewhat conservative
approach is to pursue a regular and effective geometric description for the region of the
black hole spacetime, which otherwise would be singular. One might aim for a moderate
framework for analyzing many crucial physical problems without introducing significant de-
viations from the standard model. In this regard, in 1968, Bardeen proposed a regular black
holes metric, where a region of nonsingular spacetime substitutes the central singularity [12].
Meanwhile, the metric asymptotically coincides with that of the Schwarzschild solution at
infinity. Subsequently, following this line of thought, various models for regular black holes
were proposed [13–17]. Later, it was argued that the black hole solutions could be physically
interpreted in terms of nonlinear electrodynamics with magnetic monopole [18, 19]. Further
investigations concerning the quasinormal modes of regular black hole metrics have also been
carried out [20–24], and the corresponding metrics are shown to be stable against various
types of perturbations. However, nonlinear electrodynamics encounters several potential
difficulties. Firstly, astronomical objects are, by and large, electrically neutral, or do not
carry a substantial amount of charges. Secondly, while the (linear) quantum electrodynam-
ics is one of the most accurately validated theories in physics, there is still a lack of strong
experimental support for nonlinear electrodynamics. Lastly, the constructed regular black
hole solution usually requires the concept of the magnetic monopole, which is a hypothetical
elementary particle. Moreover, owing to cosmic inflation, only an insignificant amount of
magnetic monopoles might persist in the observable universe.
Regarding the above discussions, the present study involves an attempt to study regular
black hole solutions in the framework of Rastall theory. The derived solutions can be elec-
trically and magnetically neutral. Rastall’s gravity was proposed in 1972 by Rastall [25],
as a generalization of Einstein’s general relativity. It is proposed that the conservation of
energy-momentum tensor in curved spacetime can be relaxed, and it attains the form
T νµ;ν = aµ , (1.1)
where aµ should vanish in flat spacetimes so that in this case the theory restores the Einstein’s
gravity.
In this original work, Rastall assumes
aµ = λ∇µR , (1.2)
3and therefore the field equation becomes
Rµν − 1
2
gµνR = κ(Tµν − λgµνR) , (1.3)
where κ = 8piG/c4 and λ is a constant. As a theory of modified gravity, Rastall’s grav-
ity has received increasing attention lately [26–44], particuarly due to recent findings in
cosmology [45–54].
In a recent study [44], it is pointed out that in accordance to Rastall’s original proposal,
aµ can adopt various forms besides Eq.(1.2). This is because the only requirement is that
aµ vanishes in flat spacetimes [25], as one does not lead to any confliction with the present
observations. In this context, we assume
aµ = ∇νAνµ , (1.4)
where Aνµ = Aµν , and the field equation can be written as
Rµν − 1
2
gµνR = κ(Tµν −Aµν) . (1.5)
Here Aµν as well as its derivatives must be sufficiently small where the curvature of the
spacetime vanishes. It is straightforward to show that one can formally express various
modified theories of gravity, such as f(R) gravity and quadratic gravity, regarding the above-
generalized form of Rastall’s gravity [41, 44].
In this work, we investigate Rastall’s gravity with
Aµν = λgµνH(R) , (1.6)
where H = H(R) is an arbitrary funcion of the Ricci scalar. According to the above
discussions, one requires that H = 0 in flat spacetime, where R = 0. In the remainder of my
paper, it is shown that one may derive regular black hole solutions for the Rastall’s gravity
determined by Eq.(1.6).
The present paper is organized as follows. In the next section, we discuss the general
properties of regular black holes. The specific form of the line element is given explicitly. In
section III, we provide a detailed account for constructing the regular black hole solution in
Rastall’s gravity which assumes Eq.(1.6). Further discussions and concluding remarks are
given in the last section.
PROPERTIES OF REGULAR BLACK HOLES
In the section, we discuss the general properties of the metric for a regular black hole and
derive the relevant requirements to be fulfilled. We start by considering the following form
of static, spherically symmetric metric in four-dimensional spacetimes,
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdϕ2) , (2.1)
where
f(r) = 1− 2M(r)
r
= 1− 2M0
r
CM(r) . (2.2)
4Here M0 is considered as the mass of black hole as measured by an inertial observer sitting
at infinity, and the parameter CM is introduced in the last equality which satisfies CM → 1
as r →∞. In what follows, we derive the condition for the black hole solution to be regular
at r = 0 in terms of that of CM(r).
The avoidance of singularity implies that the curvature of the spacetime does not diverge.
In practice, it is achived by investigating the convergence of the relavant scalar quantites,
namely, R = gµνRµν , R = RαβR
αβ and R = RαβγσR
αβγσ. For a static regular black hole,
we substitute Eq.(2.1) and Eq.(2.2) into the above quantities and find
R =
2M0
r2
(2C ′M + rC
′′
M) ,
R =
2M20
r4
(
4C ′2M + r
2C ′′2M
)
,
R =
4M20
r6
[
12C2M + 4rCM (rC
′′
M − 4C ′M) + r2
(
r2C ′′2M − 4rC ′MC ′′M + 8C ′2M
)]
, (2.3)
where C ′M ≡ dCMdr and C ′′M ≡ d
2CM
dr2
. In the vicinity of r = 0, we assume CM ∼ rαcenter +
O(rαcenter). By substituting this condition into the above scalars and expanding around
r = 0, one finds that the requirement of convergence implies a condition αcenter ≥ 3. On
the other hand, one has CM → 1 as r → ∞, which usually does not lead to any curvature
divergence. The above condition should be satisfied for any regular black hole solution.
Now, let us discuss the properties of the metric near the black hole horizon. If one denotes
the horizon by rp, for f(rp) = 0 one has
f(r) = 1− rpCM(r)
rCM(rp)
. (2.4)
Therefore, the condition rp > 0 implies CM(rp) > 0. The temperature at the horizon is
TH =
1− rpCp
4pirp
. (2.5)
where Cp = C
′
M/CM |r=rp.
In literature, in order to derive a metric for the regular black hole, one introduces nonlinear
electrodynamic field to the system. Alternatively, in the following section, it is shown that
a static regular black hole solution can be found in the Rastall’s gravity in terms of H(R).
REGULAR BLACK HOLES IN RASTALL’S GRAVITY
In static, spherically symmetric black hole metric, the energy-momentum tensor of a
given type of fluid surrounding the black hole can be written as [26, 55]
T tt = −ρ(r) ,
T ij = −ρ(r)α
[
βδij − (1 + 3β)
rir
j
rnrn
]
, (3.1)
where ρ and p are the energy density and pressure of the matter field. When averaged over
the angles for an isotropic system, the spatial components read
〈T ij 〉 =
α
3
ρδij = pδ
i
j , (3.2)
5where we have used 〈rirj〉 = 13δijrnrn. When considering barotropic equation of state, we
have [26, 55]
p = ωρ ,
ω =
α
3
,
β = −1 + 3ω
6ω
. (3.3)
The corresponding energy-momentum tensor takes the following form
T tt = = T
r
r = −ρ(r) ,
T θθ = T
ϕ
ϕ =
1
2
(1 + 3ω)ρ(r) . (3.4)
Now, by substituting the static black hole metric, Eq.(2.1), into the field equation of
Rastall’s theory, Eq.(1.5) and Eq.(1.6), one obtains
rf ′(r) + f(r)− 1 + κ [r2ρ(r) + λr2H] = 0 ,
rf ′′(r) + 2f ′(r) + κ [2λrH − (1 + 3ω)rρ(r)] = 0 , (3.5)
while the equation for the energy-momentum tensor, Eq.(1.1), becomes
ρ′(r) + 3
1 + ω
r
ρ(r) + λ
dH
dr
= 0 . (3.6)
We note Eq.(3.6) is not an independent equation since it is implied by Eq.(3.5). Here,
H = H(R) is a function of the Ricci scalar, which determines the specific form of the metric
while satisfying Eq.(3.6).
By solving Eq.(3.5-3.6), one finds
H = −(1 + 3ω)(f(r)− 1) + 3(1 + ω)rf
′(r) + r2f ′′(r)
3r2λκ(1 + ω)
,
ρ(r) =
r2f ′′(r)− 2f(r) + 2
3κ(1 + ω)r2
. (3.7)
It can be rewritten in terms of CM by making use of Eq.(2.2)
H = 2M0
(1 + 3ω)C ′M(r) + rC
′′
M(r)
3κλ(1 + ω)r2
,
ρ(r) = 2M0
2C ′M(r)− rC ′′M(r)
3κ(1 + ω)r2
. (3.8)
Now are in the position to study the conditions under which the above solution is indeed
regular. According to the discussions above, in flat spacetime, H(R) satisfies the condition
H → 0 as R→ 0 . (3.9)
This also implies that H(R) → 0 as r → ∞. On the other hand, it is also required that
ρ(r) does not possess any singularity in the entire range r ∈ [0,+∞). By making use of
6the properties of the curvature scalars and CM(r) discussed previously, we find the desired
conditions
CM(r → 0)→ rαcenter with αcenter ≥ 3 ,
CM(r →∞)→ 1 + rαinfinity with αinfinity < 0 . (3.10)
The above conditions, Eq.(3.10), can be satisfied when CM possesses the form of a frac-
tion, where both numerator and denominator are polynomials in r. The first line of Eq.(3.10)
dictates that the lowest degree of the monomials on the numerator is at least three orders
larger than that on the denominator. The second line of Eq.(3.10) implies that the highest
degree of the monomials on the numerator must be smaller than that on the denominator.
As a simple illustration, a possible solution reads
CM(r) =
r3
r3 + 2σ2
, (3.11)
where σ is a constant. If σ = 0, the corresponding metric is not regular. For σ 6= 0, we have
a regular black hole solution
f(r) = 1− 2M0r
2
r3 + 2σ2
,
ρ(r) =
24M0σ
2r3
κ(1 + ω)(r3 + 2σ2)3
,
H = 12M0σ
2 (ω − 1)r3 + 2(ω + 1)σ2
κλ(1 + ω)(r3 + 2σ2)3
,
R = 24M0σ
2 4σ
2 − r3
(r3 + 2σ2)3
. (3.12)
In fact, the above solution can readily be identified as a Hayward regular black hole [13].
Moreover, the above results imply that r = r(R). Subsequently, one finds the following
relations
H(R) = 3B2R2
(ω − 1)
[
B2M1/30 − 2RM2/30
]
− 2σBR
κλ(1 + ω)(B2 − 2RM1/30 )3
, (3.13)
where B = (R3/2√81σ2R + 8M0 − 9σR2)1/3. Obviously, Eq.(3.13) satisfies the condition
that H(R) → 0 as R → 0. Therefore, we have constructed regular black hole solutions in
Rastall’s gravity, and in particular, we note that ω 6= −1.
FURTHER DISCUSSIONS AND CONCLUDING REMARKS
Following the original ideal proposed by Rastall, in this work, the conservation of the
energy-momentum tensor is generalized to the form
∇µT µν = λ∇νH(R) , (4.1)
while the corresponding field equation reads
Rµν − 1
2
gµνR = κ (Tµν − λgµνH(R)) , (4.2)
7where H(R) vanishes in flat spacetime.
In previous sections, we have shown that regular black hole solutions can be derived in the
framework of the Rastall’s gravity. As discussed above, the obtained black hole spacetimes
can be electrically neutral, which does not involve nonlinear electrodynamics as well as
the associated theoretical speculations. In this context, the present study provides a novel
possibility for models of regular black holes.
The constructed black hole spacetime is surrounded by a matter field, described by energy-
momentum tensor, Eq.(3.4). However, to guarantee that the solution is nonsingular, one
finds that the equation of state of the matter field has to satisfy the condition ω 6= −1. In
other words, the dark energy model in terms of cosmological constant cannot be a candidate
for hosting a regular black hole solution in question.
On the other hand, when assuming Tµν = 0, the static black hole solution found in the
present model is no longer regular. However, interestingly enough, in this case one can show
that the resulting metric is equivalent to an (anti-)de Sitter spacetime. To demonstrate this
point, one first contracts both sides of Eq.(4.2) by gµν to obtain
4λκH(R)− R = 0 . (4.3)
This is an algebraic equation, and in general, it possesses a nonvanishing root of R, besides
the one at the origin. Thus one may rewrite Eq.(4.2) as follows
Rµν = gµν
(
1
2
R− κλH(R)
)
≡ gµνΛeff , (4.4)
where R is a non-zero root of Eq.(4.3). For the reason which will shortly become clear, Λeff
is defined as the effective cosmolocial constant, and one has
R = 4Λeff ,
H =
Λeff
κλ
. (4.5)
As a result, the metric Eq.(2.1) can be written as
f(r) = 1− 2M
r
− Λeff
3
r2 . (4.6)
Even though the cosmological constant is not an ad hoc assumption in the field equation,
the properties of the resulting metric indicate that the space is de Sitter. Therefore it arises
naturally from the consistency of the theory. For instance, let us consider the case where
Λeff > 0. The de Sitter background is realized in the context of the present generalized
Rastall gravity in terms of the effective cosmological constant Λeff =
R
4
. If one chooses
H(R) = Rn with n > 1 and λ > 0, we find
R = 4Λeff =
(
1
4κλ
) 1
n−1
,
H =
Λeff
κλ
=
(
1
4κλ
) n
n−1
,
Λeff =
1
4
(
1
4κλ
) 1
n−1
. (4.7)
8Moreover, it is not difficult to show that one can further extend the above considera-
tions to rotating black holes with the presence of the (linear) Maxwell field. In this cae,
gravitational field equation is given by
Rµν − 1
2
gµνR + κλgµνR − 2FµαF αν +
1
2
gµνFαβF
αβ = 0, (4.8)
where the electromagnetic tensor Fµν = ∂µAν − ∂νAµ satisfies the Maxwell equations
∂µ
(√−gF µν) = 0. (4.9)
We note that Eq.(4.8) still falls back to Eq.(4.3) when contracting both sides by gµν , as the
two terms involving electromagentic tensor cancel out. This implies that we again arrive at
an equation similar to Eq.(4.4)
Rµν − 2FµαF αν +
1
2
gµνFαβF
αβ = gµν
(
1
2
R− κλH(R)
)
≡ gµνΛeff , (4.10)
where R and H(R) still satisfy Eq.(4.5).
This result furnishes a Kerr-Newman (Anti-)de Sitter black hole metric in Rastall gravity,
namely,
ds2 = − ∆r
Ξ2ρ2
(
dt− a sin2 θdϕ)2 + ∆θ
Ξ2ρ2
sin2 θ
(
adt− (r2 + a2) dϕ)2 + ρ2
∆r
dr2 +
ρ2
∆θ
dθ2,
(4.11)
where the electromagnetic potentials Aµ =
Qr
Ξρ2
(
δtµ − a sin2 θδϕµ
)
, and Q and a are electrical
charge and angular momentum per unit mass, respectively. Also,
ρ2 = r2 + a2 cos2 θ,
Ξ = 1 +
a2
3
Λeff,
∆r =
(
1− r
2
3
Λeff
)(
r2 + a2
)− 2Mr +Q2,
∆θ = 1 +
a2 cos2 θ
3
Λeff. (4.12)
The above (Anti-)de Sitter black hole solutions are physically intriguing, since it emerges
entirely from the vacuum Rastall equation without the cosmological constant, which probaly
may lead to further implications in cosmology. More effort alone this line of thought is under
progress.
To summarize, we studied the static, spherically symmetric black hole solutions in a
generalized Rastall gravity. An essential feature of the derived solutions is that the black
holes can be electrically and magnetically neutral, which is distinct from most literature on
this topic where the nonlinear electrodynamic field is involved. We discussed the general
properties of the regular black hole solutions.
9ACKNOWLEDGEMENTS
We gratefully acknowledge the financial support from National Natural Science Founda-
tion of China (NNSFC) under contract No.11805166, as well as Brazilian funding agencies
Fundac¸a˜o de Amparo a` Pesquisa do Estado de Sa˜o Paulo (FAPESP), Conselho Nacional de
Desenvolvimento Cient´ıfico e Tecnolo´gico (CNPq), and Coordenac¸a˜o de Aperfeic¸oamento de
Pessoal de N´ıvel Superior (CAPES).
[1] Virgo, LIGO Scientific, B. P. Abbott et al., Phys. Rev. Lett. 116, 061102 (2016),
arXiv:1602.03837.
[2] Virgo, LIGO Scientific, B. P. Abbott et al., Phys. Rev. Lett. 116, 221101 (2016),
arXiv:1602.03841, [Erratum: Phys. Rev. Lett.121,no.12,129902(2018)].
[3] Virgo, LIGO Scientific, B. P. Abbott et al., Phys. Rev. Lett. 116, 241103 (2016),
arXiv:1606.04855.
[4] Virgo, LIGO Scientific, B. P. Abbott et al., Phys. Rev. Lett. 119, 141101 (2017),
arXiv:1709.09660.
[5] LIGO Scientific, VIRGO, B. P. Abbott et al., Phys. Rev. Lett. 118, 221101 (2017),
arXiv:1706.01812, [Erratum: Phys. Rev. Lett.121,no.12,129901(2018)].
[6] LIGO Scientific, Virgo, B. P. Abbott et al., Astrophys. J. 851, L35 (2017), arXiv:1711.05578.
[7] R. M. Wald, General Relativity (Chicago Univ. Pr., Chicago, USA, 1984).
[8] D. Marolf, Rept. Prog. Phys. 80, 092001 (2017), arXiv:1703.02143.
[9] W. G. Unruh and R. M. Wald, Rept. Prog. Phys. 80, 092002 (2017), arXiv:1703.02140.
[10] S. W. Hawking, Nature 248, 30 (1974).
[11] W. G. Unruh, Phys. Rev. D14, 870 (1976).
[12] J. M. Bardeen, Proc. Int. Conf. GR5, Tbilisi, USSR , 174 (1968).
[13] S. A. Hayward, Phys. Rev. Lett. 96, 031103 (2006).
[14] W. Berej, J. Matyjasek, D. Tryniecki, and M. Woronowicz, Gen. Rel. Grav. 38, 885 (2006),
arxiv:hep-th/0606185.
[15] I. Dymnikova and M. Korpusik, Phys. Lett. B685, 12 (2010).
[16] K. Lin, J. Li, S. Yang, and X. Zu, Int. J. Theor. Phys. 52, 1013 (2013).
[17] M. E. Rodrigues, E. L. B. Junior, G. T. Marques, and V. T. Zanchin, Phys. Rev. D94, 024062
(2016), arXiv:1511.00569, [Addendum: Phys. Rev.D94,no.4,049904(2016)].
[18] E. Ayon-Beato and A. Garcia, Phys. Rev. Lett. 80, 5056 (1998), arXiv:gr-qc/9911046.
[19] E. Ayon-Beato and A. Garcia, Phys. Lett. B493, 149 (2000), arXiv:gr-qc/0009077.
[20] A. Flachi and J. P. S. Lemos, Phys. Rev. D87, 024034 (2013), arXiv:1211.6212.
[21] J. Li, M. Hong, and K. Lin, Phys. Rev. D88, 064001 (2013), arXiv:1308.6499.
[22] K. Lin, J. Li, and S. Yang, Int. Jour. Theor. Phys. 52, 3771 (2013).
[23] J. Li, K. Lin, and N. Yang, Eur. Phys. J. C75, 131 (2015), arXiv:1409.5988.
[24] J. Li, K. Lin, H. Wen, and W.-L. Qian, Adv. High Energy Phys. 2017, 5234214 (2017),
1605.08502.
[25] P. Rastall, Phys. Rev. D6, 3357 (1972).
[26] Y. Heydarzade and F. Darabi, Phys. Lett. B771, 365 (2017), arXiv:1702.07766.
[27] J. P. Morais Graca and I. P. Lobo, Eur. Phys. J. C78, 101 (2018), arXiv:1711.08714.
10
[28] K. A. Bronnikov, J. C. Fabris, O. F. Piattella, and E. C. Santos, Gen. Rel. Grav. 48, 162
(2016), arXiv:1606.06242.
[29] Y. Heydarzade, H. Moradpour, and F. Darabi, Can. J. Phys. 95, 1253 (2017),
arXiv:1610.03881.
[30] E. Spallucci and A. Smailagic, Int. J. Mod. Phys. D27, 1850003 (2017), arXiv:1709.05795.
[31] H. Moradpour, N. Sadeghnezhad, and S. H. Hendi, Can. J. Phys. 95, 1257 (2017), arXiv:
1606.00846.
[32] R. Kumar and S. G. Ghosh, Eur. Phys. J. C78, 750 (2018), arXiv:1711.08256.
[33] M.-S. Ma and R. Zhao, Eur. Phys. J. C77, 629 (2017), arXiv:1706.08054.
[34] Z. Xu and J. Wang, (2017), arXiv:1711.04542.
[35] A. M. Oliveira, H. E. S. Velten, J. C. Fabris, and L. Casarini, Phys. Rev. D92, 044020 (2015),
arXiv:1506.00567.
[36] A. F. Santos and S. C. Ulhoa, Mod. Phys. Lett. A30, 1550039 (2015), arXiv:1407.4322.
[37] E. R. Bezerra de Mello, J. C. Fabris, and B. Hartmann, Class. Quant. Grav. 32, 085009
(2015), arXiv:1407.3849.
[38] M. Sadeghi, (2018), arXiv:1809.08698.
[39] I. P. Lobo, H. Moradpour, J. P. Morais Grac¸a, and I. G. Salako, Int. J. Mod. Phys. D27,
1850069 (2018), arXiv:1710.04612.
[40] I. Licata, H. Moradpour, and C. Corda, Int. J. Geom. Meth. Mod. Phys. 14, 1730003 (2017),
arXiv:1706.06863.
[41] F. Darabi, H. Moradpour, I. Licata, Y. Heydarzade, and C. Corda, Eur. Phys. J. C78, 25
(2018), arXiv:1712.09307.
[42] T. R. P. Carameˆs et al., Eur. Phys. J. C74, 3145 (2014), arXiv:1409.2322.
[43] I. G. Salako, M. J. S. Houndjo, and A. Jawad, Int. J. Mod. Phys. D25, 1650076 (2016),
arXiv:1605.07611.
[44] K. Lin, Y. Liu, and W.-L. Qian, (2018), arXiv:1809.10075.
[45] A. S. Al-Rawaf and M. O. Taha, Phys. Lett. B366, 69 (1996).
[46] A. S. Al-Rawaf and M. O. Taha, Gen. Rel. Grav. 28, 935 (1996).
[47] C. E. M. Batista, M. H. Daouda, J. C. Fabris, O. F. Piattella, and D. C. Rodrigues, Phys.
Rev. D85, 084008 (2012), arXiv:1112.4141.
[48] J. C. Fabris, O. F. Piattella, D. C. Rodrigues, C. E. M. Batista, and M. H. Daouda, Int. J.
Mod. Phys. Conf. Ser. 18, 67 (2012), arXiv:1205.1198.
[49] K. A. Bronnikov, J. C. Fabris, O. F. Piattella, D. C. Rodrigues, and E. C. Santos, Eur. Phys.
J. C77, 409 (2017), arXiv:1701.06662.
[50] F. Darabi, K. Atazadeh, and Y. Heydarzade, Eur. Phys. J. Plus 133, 249 (2018),
arXiv:1710.10429.
[51] F.-F. Yuan and P. Huang, Class. Quant. Grav. 34, 077001 (2017), arXiv:1607.04383.
[52] J. C. Fabris, M. H. Daouda, and O. F. Piattella, Phys. Lett. B711, 232 (2012),
arXiv:1109.2096.
[53] C. E. M. Batista, J. C. Fabris, O. F. Piattella, and A. M. Velasquez-Toribio, Eur. Phys. J.
C73, 2425 (2013), arXiv:1208.6327.
[54] H. Moradpour, Y. Heydarzade, F. Darabi, and I. G. Salako, Eur. Phys. J. C77, 259 (2017),
arXiv:1704.02458.
[55] V. V. Kiselev, Class. Quant. Grav. 20, 1187 (2003), arXiv:gr-qc/0210040.
